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Abstract—Many applications, such as radio channel estimation,
require solving for unknowns in overcomplete bases. Nonlinear
solvers like Basis Pursuit Denoising (BPDN) can leverage sparse
statistics to improve accuracy relative to linear solvers. The
Locally Competitive Algorithm (LCA) is a nonlinear dynamical
system that converges on the solution to BPDN, and can be
implemented via a Spiking Neural Network that is orders of
magnitude faster and more power efficient than CPU-based
BPDN solutions. However, the Spiking LCA scales quadratically
with the dimensionality of the state estimate, which can quickly
make physical implementation impractical. In this work, we
introduce a multi-layered complex-valued LCA architecture,
which – by taking advantage of hierarchical sparsity in the
channel estimation problem – allows sub-quadratic scaling of
computational resource requirements, reducing resource require-
ments for a 357 complex channel estimation by 7.6x relative to a
single layer solution. We implemented a 1470 complex channel,
2-layer Spiking LCA on Intel’s Loihi chip, and demonstrated a
10x reduction in temporal smear relative to a linear solver.

I. INTRODUCTION

Portable sensing systems are commonly constrained by their

power consumption, as they do not have access to the power

grid and batteries increase size and weight costs. Simultane-

ously, there is high demand for real-time processing of radio-

frequency signals, especially with the advent of software-

defined and 5G radio receivers.

Neuromorphic computing with spiking neural networks

is an alternative to power-hungry artificial neural networks

(ANNs) [1]–[3]. Spiking neural networks (SNNs) mimic the

asynchronous, efficient, and sparse features of the brain by

replacing the typical artificial neurons with time-dependent

integrate-and-fire spiking neurons. Spiking neurons, when im-

plemented on neuromorphic hardware, are more efficient than

artificial neurons since interneuron messages are just binary

spikes, and require no multiplication operations.

While SNNs can compute the same functions as ANNs and

can solve similar problems [4], SNNs are particularly good at

problems that are time-dependent and/or exploit a recurrent

network structure [5]. One such problem in this class is

Sparse Approximation, sometimes formalized as Basis Pursuit

DeNoising (BPDN) [6], which can be used to decompose a

signal into a sparse basis of a known dictionary. This aligns

well with channel estimation, where the dictionary is a set of

frequency and temporal offsets of a known, transmitted signal.

More broadly, sparse approximation can be used to interpret

cortical signals [7] and residual datastreams in large language

models [8].

Fig. 1: The 2-layer Spiking Locally Competitive Algorithm

(SLCA) is used to solve sparse overcomplete estimation

problems, e.g. channel estimation. Signals consist of a sparse

set of phase, time, and frequency offsets to a waveform ϕ.

SLCA layer 1 computes sparse approximation on the short

time features; layer 2 computes sparse approximation on the

longer time features, resolving both time and Doppler offsets.

Rozell et al. [9] demonstrated BPDN can be solved with

the Locally Competitive Algorithm (LCA), a fully recurrent

ANN. The Spiking LCA [10], [11] benefits from both the

temporal/power savings of being a recurrent SNN and from the

fact that the solution is optimized to provide a sparse output

– since most of the neurons don’t spike, it uses dramatically

less power.

Davies et al. [5] scaled the SLCA on Intel’s neuromorphic

Loihi chipset, showing 500x gains in speed and 100,000x gains

in power efficiency. However, the SLCA also has a physical

scaling challenge: because the network is fully recurrent, a

naive approach requires O(N2) synapses, dramatically limit-

ing the problem size achievable on a single chip.

In this paper we introduce a 2-layer SLCA, which decom-

poses a BPDN problem into smaller BPDN problems with

fewer nonzero connections. We demonstrate estimation of

1470 complex channels on the Loihi chip (compare to 357 for

a 1-layer SLCA). We further show that the 2-layer SLCA has

superior performance to a linear solver in terms of temporal

smear.

II. SPARSE APPROXIMATION FOR CHANNEL ESTIMATION

In channel estimation, a radio transmitter produces a signal

ϕ(t), and an emitter receives the modified signal y(t) =



Fig. 2: The 2-layer SLCA (top, left insert) clearly identifies

two true channels (green highlight), with only minor smearing

in the adjacent Doppler bins, while a matched filter (bottom,

right insert) leaves energy smeared across many channels.

Fig. 3: The 2-layer SLCA (top, left insert) is able to clearly

identify two channels in close temporal proximity, unlike a

matched filter (bottom, right insert).

H(ϕ(t)). We model the channel H(·) as the sum of a sparse

number of linear channels with Additive White Gaussian Noise

ν:

y(t) =
∑

i

aie
j2π(fit+θi)ϕ(t− τi) + ν , (1)

where ai is the amplitude gain, fi is the Doppler shift, θi is

the phase shift, and τi is the time delay of subchannel i.

This can be modeled as a linear, discrete valued equation:

y = Ωx+ ν =
∑

j

Dj(ϕ ∗ xj) + ν ,

Dj = diag(ej2πfjtk) ,

xj =
∑

i,fi=fj

aie
j2πθiδ[tk − τi] ,

x = [x1, ... , xn]
T .

(2)

for discrete values of tk and fj , where x represents the sparse,

complex gain for each discrete time and Doppler offset.

A traditional, linear approach to estimating x is to use a

matched filter Ω∗ [12], which is just the complex conjugate of

Ω = [D1Φ, D2Φ, ... , DnΦ], where Φ is the Toeplitz matrix

equivalent to convolution with ϕ. Because the dictionary

Ω is overcomplete, (i.e. the number of observations is less

than the number of unknowns), the resulting solution will

have significant ambiguity. This ambiguity can be reduced

by minimizing the cross-correlation between columns of Ω,

guaranteeing that ||Ω∗Ω − I||∞ < ϵ, known as the restricted

isometry property [13].

Fig. 4: The Locally Competitive Algorithm [11]. The input

vector z is transformed by input weights to implement the

ΦT z operation. The result is then fed into the artificial neurons

which implement the Tλ(·) operation. Then the neuron outputs

are connected to each other as inhibitory connections in order

to implement the ΦTΦ− I operation.

Fig. 5: The Spiking Locally Competitive Algorithm [11]. The

implementation is analogous to the artificial neural network in

Figure 4. The output is the spike rate of each neuron.

BPDN [6] is a technique for estimating unknowns with

sparse statistics, where very few entries are nonzero. BPDN

can be expressed as:

x̂ = argmin
x

1

2
∥y − Ωx∥22 + λ∥x∥1 ,

= BPDNΩ,λ(y)
(3)

where λ is a weighting parameter for the sparsity of the signal,

modeled here by the ℓ1-Norm.

A. The Locally Competitive Algorithm

The Locally Competitive Algorithm (LCA) [9] is a system

of nonlinear equations that converges on the solution to

BPDN in finite time when Ω respects the Restricted Isometry

Property. It can be described with the following equations:

Tuu̇(t
′) + u(t′) = Ω∗y − (ΩTΩ− I)x̂(t′)

x̂(t′) = Tλ(u(t
′))

(4)

where t′ in the system’s internal time, Tu is the convergence

time constant, u is a hidden state variable, and Tλ is the soft-



threshold operator with threshold λ (similar to a rectified linear

unit, but in both the positive and negative directions):

Tλ(x) =

{

sign(x)(|x| − λ), if |x| > λ
0 , otherwise

(5)

This network exponentially converges on a solution for x̂.

The LCA has proven itself amenable to hardware imple-

mentations [10], including mathematically equivalent spiking

neural networks (SNN) [11]. [5] and [14] demonstrated that a

SNN-based LCA (SLCA) could outperform CPU-based BPDN

solvers (such as FISTA [15]) in both speed and power costs, by

multiple orders of magnitude, and that the relative advantage

of the SLCA increases with scale.

B. Spiking Neural Network LCA Implementation

The LCA can also be implemented as a rate-encoded

Spiking Neural Network as seen in Figure 5 [11].

The SLCA is a system of Integrate and Fire neurons and

synapses described by:

Tuu̇(t
′) + u(t′) = Ω∗y − (Ω∗Ω− I)s(t′)

v(t′) =

{

u(t′)− λ− Tv v̇(t
′) , if v(t′−) < 1

0 , otherwise

s(t′) =

{

0 , if v(t′−) < 1
1 , otherwise

x̂ =
1

Tw

∫ Tw

0

s dt′

(6)

where u(t′), v(t′), and s(t′) represent the synaptic input

current, internal voltage state, and binary output spike train

of the assembly of neurons, as a function of system time t′.
The output x̂ is just the average spike rate of the neurons over

the observation window [0 Tw].

C. Complex Valued Operation

One limitation in using the SLCA for channel estimation is

that since spikes are binary, the weighted average output x̂ can

only be a non-negative real, which is obviously inadequate for

estimating the complex values of x in (2).

This can be addressed by using four real,non-negative

neurons to represent each complex-valued channel:

Tuu̇R+ + uR+ = ℜ{Ω∗y} − ℜ{(Ω∗Ω− I)}s
Tuu̇R− + uR− = −ℜ{Ω∗y}+ ℜ{(Ω∗Ω− I)}s
Tuu̇I+ + uI+ = ℑ{Ω∗y} − ℑ{(Ω∗Ω− I)}s
Tuu̇I− + uI− = −ℑ{Ω∗y}+ ℑ{(Ω∗Ω− I)}s

The SLCA complex valued output is computed as:

x̂ =
1

Tw

∫ Tw

0

sR+ − sR− + j(sI+ − sI−) dt
′ . (7)

Naturally, this increases the neuron count by a factor of 4,

and the number of interneuron connections by a factor of 16.

III. SCALING SOLUTIONS

The primary scaling limitation for hardware instantiation of

the SLCA is the lateral inhibitory term (ΩTΩ − I) in (6),

which requires O(N2) interneuron synaptic connections. So,

for example, the Loihi chip with 1,000,000 synapses can only

have N = 1000 output neurons, or 250 complex channels.

In [16], this requirement was mitigated by use of a contin-

uous Alltop waveform [17], where by clever factorization of

Ω the number of synapses was reduced to O(N
√
N). They

achieved a 1681 channel estimator on a single, custom chip.

However, the factorization technique was only achievable due

to a self-similarity property of that specific waveform, and

furthermore required an equal number of time and frequency

offset channels (41, as achieved). A more general solution is

desired.

[5] introduced the convolutional SLCA, where Ω is con-

strained to be a block-Toeplitz matrix, where only a few

blocks are nonzero. If ϕ has a only a few continuous, nonzero

elements (so lϕ ≪ ly), then Ω can be formulated as:

Ω =























ω

0
0
...
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0
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0
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0
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
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, ω = [D1ϕ, · · · , Dnϕ] (8)

This convolutional LCA decreases the number of nonzero

lateral connections from N2 = (n(ly−lϕ))
2 to 2n2(ly−lϕ)lϕ,

a reduction of 2lϕ/(ly − lϕ).
Unfortunately, decreasing the number of nonzero elements

in ϕ limits the time-bandwidth product, the combined effective

resolution in time and Doppler. Adding too many Doppler bins

means the restricted isometry property starts to be violated.

A. Multi-layer SLCA

The primary contribution of this work is the development

of the multi-layered SLCA architecture, which minimizes

the number of nonzero elements in each SLCA layer, while

simultaneously allowing for longer waveforms.

By factoring Ω = BA, we can convert (2) into:

y = Bz + ν , z = Ax , (9)

which can be solved by applying BPDN twice:

x̂ = BPDNA,0 ·BPDNB,λ(y) . (10)

If we choose a ϕ = ϕB ∗ ϕA, then we can model Ω as:

Ω = [D1ΦBΦA , · · · , DnΦBΦA] , (11)

where ΦA and ΦB are Toeplitz matrices for ϕA and ϕB . We

can approximate (11) as Ω ≈ BA with:

B = [DB1ΦB , · · · , DBnB
ΦB ]

A = Inb ⊗ [DA1ΦA , · · · , DAnA
ΦA]

(12)



Fig. 6: (left) A 1-layer SLCA solving for 357 complex channels (51 time × 7 Doppler × 4 phase bins) requires 540k nonzero

synaptic weights. (right) A 2-layer SLCA solving the same problem requires only 70k nonzero weights (a 7.6x improvement),

despite requiring an additional 1400 neurons for the first layer (neurons 1-1400). The We were able to scale the 2-layer SLCA

to solve for 1470 complex channels (210 time × 7 Doppler × 4 phase bins.)

where n = nA×nB and DAj , and DBj are constructed from

frequencies fAj and fBj as in (2), such that:
[

ej2πfB1 , · · · , ej2πfBnB

]

⊗
[

ej2πfA1 , · · · , ej2πfAnA

]

=
[

ej2πf1 , · · · , ej2πfn
]

and ∀j : 2|fAj | < 1/lϕB . In order to maximize p (and

minimize m), this means making lϕB ≪ lϕ, thereby allowing

more distinct frequencies fAj .

One candidate decomposition is ϕA = ϕ′

A ⊗ [1, 0lϕB
−1]

T,

which both makes A sparse and yields ϕ = ϕ′

A ⊗ ϕB .

In this configuration, the number of interneuronal connec-

tions for the first convolutional LCA (with term BTB − I) is

2n2
B(ly− lϕB)lϕB , and for the second (with term ATA−I) is

2nBn
2
A(y − lϕ)lϕA′ . Furthermore, there must be connections

between the two layers (term A) with nB(ly − lϕB
)nAlϕA′

elements, for a total of:

nB

(

(ly − lϕB)(2mlϕB + nAlϕA′) + 2n2
A(y − lϕ)lϕA′

)

.
(13)

If we make lϕB ≈ lϕA′ ≈
√

lϕ, then this reduces to:

((2n2
B + nA)(ly −

√

lϕ) + 2nBn
2
A(ly − lϕ))

√

lϕ (14)

This represents a reduction of interneuronal connections by

< ( 1
n2

A

+ 1
nB

)
2
√

lϕ

ly−lϕ
relative to the non-convolutional LCA, or

< ( 1
n2

A

+ 1
nB

) 2√
lϕ

relative to the single-layer convolutional

LCA (for conservative assumption of ly −
√

lϕ < 2(ly − lϕ) ).

IV. IMPLEMENTATION AND EVALUATION METHODS

A. Complex SLCA Hardware Implementation

The true benefits of algorithms like the SLCA comes from

implementing them on neuromorphic hardware, with orders of

magnitude power and latency reductions [14] relative to CPU

or GPU-based implementations (such as FISTA).

The last decade has shown a scaling of neuromorphic

hardware accelerated SLCA architectures, from outputs with

miniscule dimensionality [10], to those with hundreds or even

thousands of output elements [5], [16].

In this work, we used the Intel Loihi chip presented in

[5]. We successfully compiled the SLCA via two methods:

remotely via the Loihi servers that Intel makes available to

the Intel Neuromorphic Research Community, and locally on

the Kapoho Bay USB stick, which Intel allowed us to use. The

results in this paper were primarily generated on the remote

Loihi servers.

The Loihi chip implements Current-Based Leaky Integrate

and Fire neurons (CUBA-LIF) neurons rather than the simple

integrate and fire neurons assumed in [11]. The most important

distinction is that the CUBA-LIF neurons operate in discrete

time steps, and have integer valued states u and v. Thereore we

used a discrete-time SLCA (adapted from templates previously

used in [5]):

u[t′] =⌊c1ℜ{Φ∗y} − c1λ⌋
− ⌊c2ℜ{(Φ∗Φ− I)s[t′ − 1]}⌋
+ ⌊(1− 1/Tu)uR+[t

′ − 1]⌋

vR+[t
′] =

{

uR+[t
′] + vR+[t

′ − 1] if vR+[t
′ − 1] < c2Tu

uR+[t
′] otherwise

sR+[t
′] =

{

1 if vR+[t
′ − 1] < c2Tu

0 otherwise

where ⌊·⌋ represents the floor function (i.e. conversion to an

integer), Tu = 2 is the current decay time, and c1 and c2 are

integer scaling factors that minimize the quantization errors.



The imaginary and negative neurons have similar dynamics,

but replace ℜ function with ℑ functions, and/or invert the

inputs their values respectively.

B. Waveform generation

We wrote a Python script with Intel’s nxSDK library [5] in

order to create a channel estimation simulation that would feed

a signal into a 2-layer convolutional complex-valued spiking

LCA.

We created an input channel with temporal resolution 1/5,

where 1 is the receiver’s temporal resolution, and additive

white gaussian noise ν ∼ N (0, σ2), σ = 0.15.

The transmitted waveform was a repeated Barker signal,

with:

ϕB = [1 -1 1 -1 1 1 -1 -1 1 1 1 1 1]/
√
13 , (15)

ϕ′

A = [1 0 1 0 0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0 1]/
√
6 (16)

We had four different test setups:

• A single channel model

• Two temporally separated models with same amplitude

• Two temporally overlapping models with same amplitude

• Two temporally overlapping models with amplitude dif-

ferential

We used (2) to generate the signal y(t). For the single channel

model, we used ai as an independent variable, τi ∈ [0, ly −
lϕ], fi ∈ [−3/ly, 3/ly] and θi ∈ [0, 2π]. For the separated

channels model we set a2 = a1, and set τ2−τ1 = 3.5lϕB . For

the overlapping models with same amplitude, we set a1 = a2
τ2− τ1 = 0.5lϕB . For the amplitude differential model we set

a1 = 2a2.

We implemented a SLCA with 5880 output neurons, corre-

sponding to 210 time bins × 7 Doppler bins × 4 phase bins.

We ran the SLCA for Tw = 128 time steps, and summed

the spikes in each time-Doppler bin:

|x̂| =

√

√

√

√

Tw
∑

t′=0

(sR+[t′]− sR−[t′])2 + (sI+[t′]− sI−[t′])2

(17)

As a baseline comparison, we implemented a matched filter

as a SLCA without the lateral inhibitory terms (Ω∗Ω− I) or

negative offset λ.

V. RESULTS

In each scenario, we swept the amplitude from 1 to 45,

where the spike rates of the neurons saturated just under 50%

(64 spikes in 128 time steps). We measured three different

properties of the filter’s outputs:

• The number of spikes in the bins corresponding to

channels truly present in the signal. Since the true time

and Doppler offset often do not perfectly line up with

a particular basis, we also include the spikes in the

immediately adjacent bins.

• The total number of spikes in all the bins with the same

time offset as the true channels. The bases for these bins

TABLE I: Temporal smearing in channel estimation. Averaged

at amplitude = 40 over 10 Monte Carlo runs.

SLCA Matched Filter

Single Channel 0.9 5.6
Separate Channels 0.7 6.0
Overlapping Channels 0.5 6.4
Unequal Channels 0.4 4.4

overlapped relatively heavily with the true bins, leading

to a relatively higher rate of false spikes.

• The maximum number of spikes in any other incorrect

set of adjacent bins.

As seen in Figure 7, the SLCA was able to produce cleaner

and more precise results than the matched filter in all cases.

The SLCA’s spike response in the bins representing the true

channels mimicked the soft-threshold behavior expected in the

LCA (4), over an order of magnitude of sensitivity, for each

individual true channel.

The SLCA’s response in the true channels consistently

outperformed that of incorrect channels, and was consistently

at least double the total number of spikes in all channels with

correct time offset, but incorrect Doppler offset. This means

that the 2-layer SLCA could always easily pull out the true

bins from any false ones, even when the channels were in

close proximity (see Figure 3), or if the amplitude of one was

twice the amplitude of the other.

Contrast this behavior with the matched filter. The overcom-

plete basis means that the matched filter produces significant

ambiguity in the channel estimation, especially when multi-

ple true channels are present. This produces extra spikes in

channels both adjacent, and non adjacent to the true channels.

The high amount of ambiguity makes the true channels non-

distinctive in many cases, as illustrated in Figure 2 and

Figure 3.

We used a ’temporal smearing’ metric to summarize overall

performance. Temporal smearing represents the total number

of spikes in channels with incorrect time offsets divided by

the spikes in the correct channel. As can be seen in Table I,

the SLCA is a clear winner over the linear matched filter,

with smear an order of magnitude lower in the most complex

scenarios.

VI. DISCUSSION AND FUTURE WORK

Sparse estimation in an overcomplete basis is a longstanding

problem in signal processing. Matched filters have long been

recognized as a computationally cheap, tractable solution that

can be applied in real time, at the cost of imposing a substantial

ambiguity function on the output estimate. More complex lin-

ear solvers, such as the Moore-Penrose pseudoinverse, remove

much of this ambiguity, but still do not take advantage of the

sparse statistics in the underlying basis.

A number of digital solvers have emerged [15], [18] that

use iterative techniques to converge on solutions to sparse

approximation objectives like BPDN or LASSO [19]. How-

ever, for high-dimensional problems, the convergence can take

hundreds of iterations.



(a) Single Channel, SLCA (b) Single Channel, Matched Filter

(c) Separated Channels, SLCA (d) Separated Channels, Matched Filter

(e) Overlapping Channels, SLCA (f) Overlapping Channels, Matched Filter

(g) Unequal channels, SLCA (h) Unequal channels, Matched Filter

Fig. 7: Performance of the 2-layer SLCA (left) vs matched filters (right) for channel estimation under scenarios described in

Sec. IV-B, averaged over 10 Monte Carlo trials. The dark green lines represent the total number of spikes in the true channels

(light green shows individual true channels). Dashed orange lines count all spikes in channels with correct temporal offset,

but wrong Doppler, while solid red lines count all spikes in channels with the wrong temporal offset. Dashed lines count the

spikes in the worst single channel.



[14] demonstrated that neuromorphic implementations –

specifically the Spiking LCA – can outcompete these dig-

ital solvers in both speed and energy. Furthermore, these

advantages grow as the problem scales. However, a naive

implementation of the SLCA sees O(N2) scaling in the

number of synapses, as well as linear scaling in the fan-in

and fan-out for each neuron. SNN synapses are very light

weight (each one is just an adder), but the quadratic scaling

and near all-to-all connectivity quickly exhaust the resources

on a single chip.

By applying the multi-layer SLCA architecture introduced

in this work, we can reduce the synapse scaling to O(N
√
N)

and fan-in/fan-out to O(
√
N). As N ≫ 100 the resource

savings become vital to at scale deployment. [16] was able to

achieve similar scaling properties, but this relied on specific

properties of a continuously repeating Alltop sequence [17].

The 2-layer SLCA is far more flexible, and can be applied to

a much larger class of waveforms ϕ = ϕB ⊗ ϕA′ .

This multi-layer approach can be applied to any sparse

coding problem where the generative model is decomposable

Ω ≈ BA. This will be especially productive when BTB has

few nonzero elements, and A = I ⊗ A′, as in the channel

estimation problem explored here. We leave for future work

characterization of which matrices Ω can be so decomposed.

Another potential extension is research into architectures with

more than two layers.

SNN approaches like the SLCA do impose one important

restriction: their outputs have a dynamic range equal to Tw.

Digital solvers will generally converge to floating point preci-

sion exponentially; the error will scale ∝ e−t′ , whereas SNN

precision scales ∝ 1
t′

. More advanced hardware, like Loihi

2, can allow for longer computational windows; [20] recently

demonstrated Tw = 256, for a N = 784 LCA with throughput

of 1000s of solutions per second.

For applications with sufficiently stringent dynamic range

and throughput requirements, the SLCA may not be sufficient

by itself. However, it can identify the nonzero elements

quickly. Once the sparse components have been downselected,

a Moore-Penrose psuedoinverse could be run to provide more

precise estimate on the remaining elements.
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